This work aims to numerically investigate the linear global instability of long separation bubbles origin from the changes in the adverse pressure gradient inside a laminar flat plate boundary layer disturbed by placing a bluff body with small clearances. The boundary layer starts at Re δ * =121.7 and is steady in the computational extent after being disturbed by a NACA 4415 airfoil and a cylinder with clearance h 0.2, respectively. It is found that the dominant stability is associated with two-and three-dimensional stationary eigenmodes. There is a less damped oscillation mode at a small wavenumbers range. The strong effect of three-dimensionality is further confirmed in a non-modal analysis framework. Transient growth analysis shows that the most strongest optimal perturbation is three-dimensional in the range of parameters studied. The modal analysis reveals that the instability grows with reducing the clearance, while the optimal perturbations grow with increasing the clearance. It is found that the separated boundary layer stability analysis is less dependent on the bluff body geometries.
Introduction
The mechanisms of transition induced by a "short" separation bubble in a laminar boundary flow is well studied by Spalart & Strelets (2000) , in which Tollmien-Schlichting and Kelvin-Helmholtz modes are addressed. The instability of a laminar separation bubble generated by varying the top gradient in a flat-plate boundary layer flow is investigated by Theofilis et al. (2000) , and the three-dimensional stationary mode is firstly reported. Marquillie & Ehrenstein (2003) analysed the instability of flat plate boundary flow accompanied with a long separation bubble arising after a small bump. The low frequency (less than 0.1) vortex shedding has been revealed for the flow higher that the critical Reynolds number. Similar three-dimensional flow stability is investigated by Gallaire et al. (2007) . The transition mechanism of short laminar separation bubbles with turbulent reattachment is addressed by Alam & Sandham (2000) at high Reynolds numbers. The Tollmien-Schlichting wave behavior in flat plate boundary layer disturbed by a small hump or micro-vortex generators are numerous numerically investigated (Xu et al. 2016; Martín & Paredes 2017) , which kind of mechanism is further verified in experiments (Ye et al. 2016; Puckert & Rist 2018) . The topology characteristics of laminar separation bubbles in flat plate boundary layer flow are studied by global linear instability theory (Rodríguez & Theofilis 2010) . Rist & Maucher (2002) identified two classifies of instability existing outside the boundary layer and near the wall in a flat plate boundary layer flow.
The linear instability analysis for the spanwise homogeneous NACA airfoils in steady open flow are addressed in the literature (Theofilis & Sherwin 2001; He et al. 2017) . They found that the traveling Kelvin-Helmholtz (KH) mode is the dominant mechanisms in the wake instability. While taking account of ground effect in the flow past a NACA 4415 airfoil with a high angle of attack AoA = 20
• at low Reynolds numbers, He et al. (2018) analysed the instability of the massively separated flow through imposing an analytical Blasius velocity profile as the inlet boundary condition accompanied with a stationary ground, which result a thick boundary layer comparable to the chord. The primary instability of the stable flow in the range of clearance h ∈ (0.2, ∞) at Re = 500 − 1000 (based on chord) showed that the KH instability dominating the twoand three-dimensional instabilities. When the clearance reduced to h = 0.2 in a steady flow Re = 500, the airfoil is already immersed in the boundary layer, a thin and long laminar separation occurs in the downstream along the flat ground. Overall, the flow can not sustain fully attached along the ground anymore, and it becomes a more complex boundary layer flow with two separation bubbles coexisting inside it. One short separation stays behind the airfoil and another longer one is adhere to the flat ground downstream. The global stationary instability mode grows and is trying to overcome the KH mode (He et al. 2018) .
When the separation behind the airfoil coupled into the boundary layer, a disturbance will be added into the boundary layer. To continue reducing the clearance, the long separation bubble would increase and may further expedite the downstream transition. This is unlike the laminar separation arisen by a varying velocity function on the top of the computational domain (Theofilis et al. 2000) . In the current investigated flow configuration, it is unknown which stability mode dominates the flow. In order to further investigate this phenomenon and explore the potential stability mechanisms, global linear stability of a steady flat plate laminar boundary layer flow disturbed by two kind of geometry bluff bodies near the plate with small clearance h 0.2 is systematically studied in this paper.
Problem formation
The original flat plate boundary layer flow under the effect of adverse pressure gradient is disturbed by adding a bluff body: a NACA 4415 airfoil holding a high angle of attack 20 degrees and a circular cylinder, respectively. Direct numerical simulation is employed to investigate the instabilities on account of ground effect between bluff body and flat plate. A rectangular computational domain is defined as {x, y} ∈ {[−10, 25c] × [0, 15c]} and is dicretized into O(2000) quadrilateral elements using the software Gmsh (Geuzaine & Remacle 2009) , where c is the nondimensional airfoil chord. The NACA 4415 airfoil is placed above a non-inclined flat plate with clearance h = 0.1 and 0.2, respectively, where the clearance h is defined as the vertical distance between trailing edge (its x-coordinate is fixed at x = 1.0) of the airfoil and the flat plate. In order to release the effect of geometry, an alternative cylinder is used for comparison. The cylinder is right-side aligned with the airfoil and has the same transverse projection area as the airfoil. An analytical Blasius velocity profile is imposed at inlet boundary (x = −10). The dimensionless Reynolds number Re δ * ≡ U∞δ * ν = 121.7 is defined basing on the flat plate boundary layer displacement thickness δ * at inlet, where U ∞ is the freestream velocity, and ν is the fluid kinematic viscosity. The flat plate and airfoil or cylinder are set to be no-slip boundary conditions, the rest boundaries are set to be outflow.
The base flow is governed by the two-dimensional incompressible Navier-Stokes and continuity equations
Where the u and p are the dimensionless velocity vector and pressure of the fluid, Re c is the Reynolds number based on the airfoil chord length c and freestream velocity U ∞ . According to the kinematic viscosity ν, Re c is also fixed as 500 in current study. Following the biglobal linear instability theory (Theofilis 2011) , the total field can be decomposed into a steady state (or time-periodic) flow and a small-amplitude perturbationũ(x, y, z) = u(x, y)e i(βz−λt) . Here, λ = λ r + iλ i is the complex eigenvalue of matrix L, β is the real spanwise wavenumber. Then the equation 2.1 can be linearized into an eigenvalue system
If there is at least one mode, such that λ i > 0, then the flow is said to be unstable. In the same time, the evolution of initial perturbation in the boundary layer governed by the equation 2.2 in a short time interval τ is examined using the non-modal theory as addressed by Luchini (2000) . For a given initial valueũ 0 , its maximum energy gain is defined as
, where L + is the adjoint operator of L. The value of G(τ ) can be decided by solving the dominant eigenvalue of the singular value decomposition problem (Schmid & Henningson 2012) . In this paper, both base flow and stability analysis are performed and cross-validated using two open-source spectral/hp element method codes Nektar++ (Cantwell et al. 2015) and Semtex (Blackburn & Sherwin 2004) . The boundary conditions setup for stability analysis can be referred to He et al. (2018) , as well as the mesh resolution and convergence studies.
Results

Base flow
According to the current computational extent, the maximum Re x is 1 × 10 4 at the end of domain for the plat plate boundary layer flow dominated by the adverse pressure gradient. Here "x" is the distance measured from nominal leading edge of the flat plat. This value is much less than the critical transition number Re x = 3.5 × 10 5 (Schlichting 1979, p. 453 ) ensuring the flow is steady, laminar, and no separation in the entire extent. After putting a bluff body, such as cylinder or airfoil at high angle of attack in the boundary layer, the adverse pressure gradient in downstream will be changed, which may result a separation. Previous study shows that the flow past a NACA 4415 airfoil with AoA = 20
• is steady with the clearance h 0.3 (He et al. 2018) , and there is no separation closed to the flat plate when h = 0.3, except a large recirculation zone behind the airfoil.
When reducing the clearance h to 0.2, another long and thin laminar separation bubble appears in downstream region. Continually reducing h to 0.1, except the separation bubble immediately after the airfoil is shrunk, there is a long and thick separation bubble growing in the boundary layer closed to the flat plate, which covers the range of x ∈ (1.6, 10), as shown in figure 1. Replacing the airfoil with a cylinder, which diameter equals to the transverse projection length of the airfoil, the flow still keeps in a steady state, and it has a similar thin and thick long separation bubbles in the boundary layer with clearance h = 0.2 and 0.1, respectively (see figure 2) . However, opposite to the flow with the airfoil where a recirculation zone behind it, there is no recirculation behind the cylinder with the same clearance h = 0.1. Kindly reminder, the recirculation zone is more thicker than the boarder u = 0 (denoted by red/blue color lines) determined, but this will not change the separation and reattachment points of the bubble. When the clearance increased, the recirculation zone grows behind the cylinder, but the separation bubble adheres to the flat plate decreased. Figure 3 compares the long separation bubbles produced by airfoil and cylinder at h = 0.1. Basically, there is no significant difference between two flows: the long bubbles dominate nearly a large same size domain, as listed in Table 1 . Owing to the flow past the lowest point of cylinder is earlier than airfoil's trailing edge, the position of the separation bubble is slightly earlier. Further more, the boundary layer thickness (the flat boundary layer boarder is outlined by the black dash-dotted line) does not change compared to the flat plate flow in the downstream after the flow past one unit distance of the bodies. More completely comparison by plotting the wall shear stress τ x of the plate is shown in figure 4 . The wall shear stress of the flat plate boundary layer flow has a gradually decreased parabolic distribution (outlined by the thick black solid line). For the flow past the cylinder or airfoil, the wall shear stress of flat plate drops closed to zero firstly, then it abruptly increases to its maxima around x = 1.0, which values are about 5 times larger than on the flat plate. Those four peaks cover the range of the bluff bodies. Since there is a long separation bubble, the wall shear stress has a negative value, which corresponding to the separation point (SP ) and reattachment point (RP ) of the separation bubble ( more details are listed in Table 1 ). After the flow reattached, the wall shear stress is recovered gradually. Table 1 also shows the reverse flow level u res = ||u min /u max || in the long separation bubbles. The maximum u res is about 10%, which is less than 15% to excite an absolute instability in a boundary layer flow (Alam & Sandham 2000) .
Primary instability analysis
The long time behavior of perturbations evolution can be examined by solving equation 2.2. The temporal stability analysis is carried out following the scheme reviewed by Theofilis (2011) . In the stability analysis of a NACA airfoil post-stall flow at low Reynolds numbers, the KH stability dominates the two-and three-dimensional flow at small wavenumbers β, and stationary mode decays slower than KH mode in the large wavenumber region (Gioria et al. 2015; He et al. 2017) . When a NACA 4415 airfoil flow is confined by an infinite long and nonslip flat plate under it with a clearance h 0.3 at Re c = 500, KH instability still plays a dominant role in the flow system (He et al. 2018) .
In the clean flat plate boundary layer flow at Re δ * =121.7, the flow is naturally steady, and the two-dimensional stationary mode is most amplified. In a range of wavenumbers Table 1 : Separation (lef column) and reattachment points (right column) of the separation bubble along the flat plate.
(0 < β < 6) examined in this paper, the three-dimensional stability is dominated by the stationary mode, as represented by the dark black circles in figure 5 , from it we can find that no oscillation mode exists in this flow. As shown in figure 5 , the stability becomes more unstable when a long separation bubble appearing in the boundary layer than the flat plate flow. The three-dimensional stationary stability dominates the spanwise wavenumber at β > 1 with the clearance h = 0.1. In a small range (0 < β < 1), there is a low frequency (λ r < 0.1) oscillation mode becoming more amplified, which is consistent with the found in a bump disturbed unsteady boundary layer flow (Marquillie & Ehrenstein 2003) . When h = 0.2, the stability in both cylinder and airfoil disturbed flow are consistent with each other till to β = 2.5. After that, the growth rate (λ i ) of cylinder disturbed continues decaying, while in another case, λ i turns off to the level of h = 0.1. Overall, the growth rate in all cases are less than zero which indicates that the flows are asymptotic stable. Figure 6 shows the comparison of the normalized amplitude function of spanwise vorticityω z of the least stable mode at β = 0 for clear flat plate boundary layer flow and the cases containing long and short separation bubbles generated by airfoil. In one side, the stability grows with the developing of boundary layer ( figure 6 (a) ), in another side, there is a minor growth in the shear layer near the leading-and trailing-edge of the airfoil. Unlike the found in (Marquet et al. 2009 ), the stability inside the separation bubble is much weaker than that outside, as seen in figure 6 (b) and (c). The threedimensional of flow construction is shown in figure 7 . A stationary mode (β = 2) is linearly superimposed on the long and thick laminar separation bubble generated by the airfoil at h = 0.1, using a level of ǫ = 2 × 10 −4 of the freestream magnitude. The vortical structure is firstly shown by a kind of complicated separation bubble till around x = 10, then followed by a pair of oblique streak vortex mode (about 3 chord length) adhering to the plat. A pair of more parallel vortex grows downstream and finally converted into roll-up vortices.
Non-modal analysis
The optimal perturbations are investigated using the scheme of non-modal analysis or transient growth, as addressed by Abdessemed et al. (2009) in the flow past circular cylinder as well as NACA airfoils flow (Gioria et al. 2015; He et al. 2017) . Previous studies show that the dominant optimal perturbation in the flow past a NACA 0015 airfoil at high Reynolds number with a small angle of attack is two-dimensional (Loh et al. 2014 ). Analogous conclusion is also found for three NACA airfoils at low Reynolds numbers open flow containing a large recirculation zone (He et al. 2017) . Transient growth is investigated in the range of spanwise wavenumber 0 β π based on the steady base flow presented in section 3.1. In figure 8(a) , the flow configuration has a long and thick separation downstream and a clearance h = 0.1 between the airfoil and the plate. The gain G(τ ) of the optimal perturbation in short time horizons τ < 10 has no significant difference. While, as the integral time τ > 10, the two-dimensional optimal gain is overcome by the three-dimensional perturbation at β = π 4 . As β π 2 , the gain grows slower than that in two-dimensional flow. The optimal perturbation for cylinder case at h = 0.1 has the same behavior as the airfoil (see figure 8(b) ), but its maxima value is smaller compared to the former flow. Figure 9 shows the transient growth in the boundary layer at different wavenumbers with clearance h = 0.2 containing the airfoil and the cylinder, respectively. Threedimensional optimal perturbations still play a dominant role. Quantitatively, the energy increased in the range of parameters examined with larger clearance. This has maybe resulted by a large recirculation zone behind the bluff bodies, and the long and thick separation bubble contributes less in the short time transient growth of the boundary layer, which in contrast, has more contribution to the modal instability. At asymptotic long times, the gain obtained in the non-modal analysis reveals the initial optimal perturbations evolve into KH modes and are damped quickly compared to the analysis in NACA airfoils (He et al. 2017 ) and cylinder flows (Abdessemed et al. 2009 ).
Conclusions
The instability analysis of a laminar flat plate boundary layer flow with and without disturbed by bluff bodies near the plate is performed. When a NACA airfoil stands just above the flat plate with clearance 0.2 chord at high angle of attack, a thin and long separation bubble appears in the downstream. While reducing the clearance, a more thick and long separation bubble appears and moves backwards to the airfoil. Similar phenomenon can be observed by replacing the airfoil with a cylinder. The long separation bubbles are less dependent on the bluff body geometries. Modal analysis reveals that the stability in these flows are dominated by three-dimensional stationary mode, and there is a low frequency traveling mode existing in a small wavenumber range. The instability grows with reducing the clearance between bluff bodies and the flat plate. Non-modal analysis reveals that the three-dimensional optimal perturbations play a more important role than the two-dimensional one. The optimal perturbation gain grows with increasing the clearance, but it starts to be overtaken by the two-dimensional optimal perturbations.
